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Diffusion (Homogeneous medium)

Diffusion in a homogeneous medium:

l()
Diffusion problem:

@*/ﬂ@ lh<z<l
ot~ Ox2 0 m

Initial condition u(z, 0) = f(z) and external boundary conditions:

0 9]
aLu(lmt) + bLa%(lo,t) =cr aRu(le t) + b3£(1m7t) = CR

Multilayer diffusion: What if the diffusivity is piecewise constant?
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Multilayer diffusion (Heterogeneous medium)

Diffusion in a heterogeneous medium consisting of m layers:

‘ Layer 1 ‘ Layer 2 ‘ ‘ Layer m — 1 ‘ Layer m ‘
‘ K1 ‘ K2 ‘ 77777777 Rm—1 Km,
lO 11 12 lm—2 lm—l lm,
Multilayer diffusion problem:
Ous 7’9821” lici <z <l
ot " ox? ! '
Initial condition u;(x,0) = f(x) and external boundary conditions:
aus(lo, ) + b 22 (lo, ) = e amtin(im, 1)+ br e (I 1) = en
Suitable internal boundary conditions at the interfaces (i = 1,...,m—1),e.g.,
aul OUit1
i(li,t) = w1 (L, t li,t —(l;,t
willi ) = wipr (i) wig (1) = K —5 = (1, 1)
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Why are we interested in this problem?

Many authors have been interested in this problem:

de Monte (2000, 2002)

Sun and Wichman (2004)
Hickson et al. (2009a,b, 2011)
Deconinck et al. (2014)
Asvestas et al. (2014)
Mantzavinos et al. (2014)
Rodrigo and Worthy (2015)

ARC DECRA Project (2015-2018):
Two-scale modelling of transport/fluid flow in heterogeneous materials exhibiting small-
scale heterogeneities in material properties

Multilayer diffusion provides a good prototype problem for developing and
testing two-scale approaches
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Analytic solution for single layer diffusion

Exact solution can be expressed as:

u(z,t) = w(z) + Z cnefmf1 on(z)

Eigenvalues and eigenfunctions satisfy:

d2¢n 2
T T Anén
g,
arL¢n +br—— i 0
don
ARGn + bR ¢ =0

The eigenfunctions take the form:

lo<x<l
x:lo
T =1In

() = an sin (%(m - zo)) + By cos (%(w - zo))
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Analytic solution for single layer diffusion

Substituting into the boundary conditions we obtain a system of two linear
equations in two unknowns. For example, assuming a;, = ar = 1 and by, =
br = 0, for simplicity, we obtain:

0 1 . .
[sin (%(h - lo)) cos (\)}%(ll - lo)>] [Bn] = [O] & Ax=0

We want non-trivial solutions (i.e., at least one of a,, or 3, nonzero) to this
linear system. Hence, eigenvalues A\, (n = 0,1, ...) are the roots of the tran-
scendental equation:

_ A _ _ (n+ Dk
det(A) =0 = sin (ﬁ(ll lo)) =0 = A\, = T
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Analytic solution for multilayer diffusion

Hickson et al. (2009a): Exact solution in each layer can be expressed as:

o) =) + Y- e 010)

Eigenvalues and eigenfunctions satisfy:

2.
el g L<a<l, i=1,..,m
dz? '
do1n
arLPin +br ¢; =0 x=lo
dmn
aR¢mn+bR (;;m =0 :B:lm
Gin _ . Pitin

L — hs Ki =K
¢z,n ¢1+1,n7 0 dz i+1 dz

The eigenfunctions take the form:

®in(T) = aipnsin (\//\%(m - li71)> + Bin cos (\j}%(m — li,1)>
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Analytic solution for multilayer diffusion

Substituting into the boundary conditions we obtain a system of 2m linear
equations in 2m unknowns:

Ax=0

where A € R*™®™ and x = (Q1.n, Biins - -+ s Qs Bran)? € RE™,

We want non-trivial solutions to this linear system. Hence, eigenvalues A,
(n=0,1,...) are the roots of the transcendental equation:
det(A)=0 = f(An)=0

where, if m is large, f is a (very!) complicated function of A,.

For a large number of layers (large m):

X computing det(A) is numerically unstable
X risk of missing eigenvalues

I couldn’t get it working beyond 10 layers
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Semi-analytic solution for multilayer diffusion

Carr and Turner (2015): The solution is split into two parts:
Ui(ﬂ?, t) = ’LUZ(LU) + Ui(QZ: t)
where w; () is the steady state solution and v;(z, t) satisfies:

v D,
ot~ "o . '

subject to the initial, internal and external boundary conditions:

vi(z,0) = f(z) — wi(x) i=1,...,m
8’!}1

G,Lvl(lo, ) + b — Oz (loft) =0
Ovm,
ARUm (lm ) +br (;{I’ (lm7t) =0
Uz‘(li7t):’l}i+1(li7t) i:1,...7m—1
61)1 BvZH

6 (lz,t) Ri41—F— Oz (lz,t) g(t) izl,...,mfl
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Semi-analytic solution for multilayer diffusion

Take Laplace transforms, the transformed solution can be expressed as an or-
thogonal eigenfunction expansion:

oo

l;
wles) = Y binhitin(@) (L= [ f@)ge)do
n=0 li—1
Eigenvalues and eigenfunctions satisfy:
d2¢i,n _ 12
- dCL‘2 - >\i,n¢z,n

subject to boundary conditions local to each layer:

Layeri=1:  ar¢in(lo) +br (’bln(lo) =0and ¢;n( 1)=0

L =2,...,m—1 : = ) =

ayer i N 1 . (li—1) =0and Ia —~(l;)=0
Layer i = m dd)m " (lym—1) = 0and agdm,n(lm) + br qu;n (Im) =0
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Semi-analytic solution for multilayer diffusion

Eigenvalues are roots of simple transcendental equations:

Layer i = 1: Ay, are positive roots of
arAtan(A(l1 —lp)) = —br,

Layeri =2,...,m — 1: )\;, are non-negative roots of

sinAli —li_1)) =0 =  Ap= %
T T li—1

Layer i = m: A, are positive roots of

aR/\tan(A(lm — lm_l)) = —br

Inverting the Laplace transformed solution, the solution within each layer is
expressed in terms of inverse Laplace transforms involving the interface func-
tions: g,(s) = L7 '{g:(¢)}. For example, in the first layer:

ui(z,t) = w1 (z) + Z [cl —tra +L7t {#&?M}%,n(h)} 1, ()
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Semi-analytic solution for multilayer diffusion

Inverse Laplace transforms are computed numerically:

_ N/2 _
-1 9:(s) ~ _ 9i(2x/t)
£ {s—i—m)\%}N 2%{;%%4—/@)\% ’

where ¢, and zj, are the residues and poles of the best (IV, N) rational approxi-
mation to e* on the negative real line computed using the Carathéodory-Fejér
method [Trefethen et al. (2006)].

To compute g, (z2x—1/t) (i = 1,..., m) wesolve an (m—1) x (m—1) tridiagonal
linear system:
1 (11, 21 /t) = Da(l1, 21/t)

U2 (l2, 2k /t) = 3(l2, 2k /1)

Um—1(lm—1, 2k /t) = Om (lm—1, 2& /1)

which come from the interface conditions: 7;(l;, s) = Ui+1 (L, s).
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Solution verification

Semi-Analytic o Analytic x Finite Volume

Figure: Diffusivities x = [1.0,0.1,1.0,0.1,1.0,0.1,1.0,0.1,1.0,0.1].
Problem originally appeared in Hickson et al. (2009b).
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Application to macroscopic modelling

Fine-scale model: composite medium consisting of m layers

m layers

l() lm
Macroscopic model: composite medium consisting of n layers (n < m)

n layers
Ky K KV K
Lo Ly Lo Lyp—2 Lyp—1 Ln

Macroscopic equation:
oUs (k) O*Us
ot e 9g2
where K, éff) is the effective (macroscopic) diffusivity in the kth macro-layer de-

fined as the harmonic average of the fine-layer diffusivities comprising the
kth macro-layer.

L1 <x< Ly
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Application to macroscopic modelling

Apply a macroscopic gradient ou and solve the steady state problem with

x
the same internal boundary conditions at the interfaces: aU(l )
m — 0

-

/ '4

Macroscopic gradient

One can show that the effective (macroscopic) flux is given by:

1
1 ks L du; 1 U li —li_1 oU
qeﬂ_lm_l();(,[il_mld‘rdm>__<lm_l02 Ki ) %

i=1
Kosr
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Application to macroscopic modelling

= Fine-scale

11 T T
t=001

Figure: Fine-layer diffusivities x; = 1.1 +sin(z) (¢ = 1,.. ., 200)
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Application to macroscopic modelling

Fine-scale mmm=Macroscopic (Homogenised)‘

1.1 T T T T T T T T T
¢ =0.01

t=0.1

Figure: Fine-layer diffusivities x; = 1.1 + sin(¢) (¢ = 1, ..., 200)
Computation time: 15 secs (Fine-scale), 1 sec (Macroscopic) in MATLAB

elliot.carr@qut.edu.au QANZIAM Meeting 2015 16/17



Summary

Presented a new semi-analytic method for solving the transient diffusion equa-
tion in a one-dimensional composite medium consisting of m layers

Method is based on the Laplace transform and an orthogonal eigenfunction
expansion using simple Sturm-Liouville problems that are local to each layer
and not coupled across layers

Solution is valid for both perfect and imperfect contact at the interfaces and
Dirichlet, Neumann or Robin boundary conditions at either end of the medium

Advantages of the new approach:

v Avoids solving a complex transcendental equation for the eigenvalues in-
volving the matrix determinant
v Eigenvalues are roots of simple transcendental equations

v’ Scales well to a large number of layers (tested up to 10,000 layers with no
problems)

MATLAB code is available at: http://github.com/elliotcarr/MultDiff
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http://github.com/elliotcarr/MultDiff

Thank you!
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