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Diffusion (Homogeneous medium)

I Diffusion in a homogeneous medium:

κ

l0 lm

I Diffusion problem:

∂u

∂t
= κ

∂2u

∂x2
l0 < x < lm

Initial condition u(x, 0) = f(x) and external boundary conditions:

aLu(l0, t) + bL
∂u

∂x
(l0, t) = cL aRu(lm, t) + bR

∂u

∂x
(lm, t) = cR

I Multilayer diffusion: What if the diffusivity is piecewise constant?
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Multilayer diffusion (Heterogeneous medium)

I Diffusion in a heterogeneous medium consisting ofm layers:

κ1

Layer 1

κ2

Layer 2

κm−1

Layer m − 1

κm

Layer m

l0 l1 l2 lm−2 lm−1 lm

I Multilayer diffusion problem:

∂ui
∂t

= κi
∂2ui
∂x2

li−1 < x < li

Initial condition ui(x, 0) = f(x) and external boundary conditions:

aLu1(l0, t) + bL
∂u1

∂x
(l0, t) = cL aRum(lm, t) + bR

∂um
∂x

(lm, t) = cR

Suitable internal boundary conditions at the interfaces (i = 1, . . . ,m−1), e.g.,

ui(li, t) = ui+1(li, t) κi
∂ui
∂x

(li, t) = κi+1
∂ui+1

∂x
(li, t)
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Why are we interested in this problem?

I Many authors have been interested in this problem:

• de Monte (2000, 2002)
• Sun and Wichman (2004)
• Hickson et al. (2009a,b, 2011)
• Deconinck et al. (2014)
• Asvestas et al. (2014)
• Mantzavinos et al. (2014)
• Rodrigo and Worthy (2015)

I ARC DECRA Project (2015–2018):
Two-scalemodelling of transport/fluid flow in heterogeneousmaterials exhibiting small-
scale heterogeneities in material properties

I Multilayer diffusion provides a good prototype problem for developing and
testing two-scale approaches
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Analytic solution for single layer diffusion

I Exact solution can be expressed as:

u(x, t) = w(x) +
∞∑
n=0

cne
−tλ2

nφn(x)

I Eigenvalues and eigenfunctions satisfy:

−κd
2φn
dx2

= λ2
nφn l0 < x < lm

aLφn + bL
dφn
dx

= 0 x = l0

aRφn + bR
dφn
dx

= 0 x = lm

I The eigenfunctions take the form:

φn(x) = αn sin

(
λn√
κ
(x− l0)

)
+ βn cos

(
λn√
κ
(x− l0)

)
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Analytic solution for single layer diffusion

I Substituting into the boundary conditions we obtain a system of two linear
equations in two unknowns. For example, assuming aL = aR = 1 and bL =
bR = 0, for simplicity, we obtain: 0 1

sin

(
λn√
κ
(l1 − l0)

)
cos

(
λn√
κ
(l1 − l0)

)αn
βn

 =

0
0

 ⇔ Ax = 0

I We want non-trivial solutions (i.e., at least one of αn or βn nonzero) to this
linear system. Hence, eigenvalues λn (n = 0, 1, . . .) are the roots of the tran-
scendental equation:

det(A) = 0 ⇒ sin

(
λn√
κ
(l1 − l0)

)
= 0 ⇒ λn =

(n+ 1)π
√
κ

l1 − l0
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Analytic solution for multilayer diffusion

I Hickson et al. (2009a): Exact solution in each layer can be expressed as:

ui(x, t) = wi(x) +
∞∑
n=0

cne
−tλ2

nφi,n(x)

I Eigenvalues and eigenfunctions satisfy:

−κi
d2φi,n
dx2

= λ2
nφi,n li−1 < x < li , i = 1, . . . ,m

aLφ1,n + bL
dφ1,n

dx
= 0 x = l0

aRφm,n + bR
dφm,n
dx

= 0 x = lm

φi,n = φi+1,n , κi
φi,n
dx

= κi+1
φi+1,n

dx
x = li , i = 1, . . . ,m− 1

I The eigenfunctions take the form:

φi,n(x) = αi,n sin

(
λn√
κi

(x− li−1)

)
+ βi,n cos

(
λn√
κi

(x− li−1)

)
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Analytic solution for multilayer diffusion

I Substituting into the boundary conditions we obtain a system of 2m linear
equations in 2m unknowns:

Ax = 0

whereA ∈ R2m×2m and x = (α1,n, β1,n, . . . , αm,n, βm,n)
T ∈ R2m.

I We want non-trivial solutions to this linear system. Hence, eigenvalues λn
(n = 0, 1, . . .) are the roots of the transcendental equation:

det(A) = 0 ⇒ f(λn) = 0

where, ifm is large, f is a (very!) complicated function of λn.

I For a large number of layers (largem):

7 computing det(A) is numerically unstable
7 risk of missing eigenvalues

I I couldn’t get it working beyond 10 layers
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Semi-analytic solution for multilayer diffusion

Carr and Turner (2015): The solution is split into two parts:

ui(x, t) = wi(x) + vi(x, t)

where wi(x) is the steady state solution and vi(x, t) satisfies:

∂vi
∂t

= κi
∂2vi
∂x2

li−1 < x < li

subject to the initial, internal and external boundary conditions:

vi(x, 0) = f(x)− wi(x) i = 1, . . . ,m

aLv1(l0, t) + bL
∂v1

∂x
(l0, t) = 0

aRvm(lm, t) + bR
∂vm
∂x

(lm, t) = 0

vi(li, t) = vi+1(li, t) i = 1, . . . ,m− 1

κi
∂vi
∂x

(li, t) = κi+1
∂vi+1

∂x
(li, t) ≡ gi(t) i = 1, . . . ,m− 1
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Semi-analytic solution for multilayer diffusion

I Take Laplace transforms, the transformed solution can be expressed as an or-
thogonal eigenfunction expansion:

vi(x, s) =

∞∑
n=0

〈vi, φi,n〉iφi,n(x) 〈f, g〉i =
∫ li

li−1

f(x)g(x) dx

I Eigenvalues and eigenfunctions satisfy:

−d
2φi,n
dx2

= λ2
i,nφi,n

subject to boundary conditions local to each layer:

Layer i = 1: aLφ1,n(l0) + bL
dφ1,n

dx
(l0) = 0 and dφ1,n

dx
(l1) = 0

Layer i = 2, . . . ,m− 1: dφi,n
dx

(li−1) = 0 and dφi,n
dx

(li) = 0

Layer i = m: dφm,n
dx

(lm−1) = 0 and aRφm,n(lm) + bR
dφm,n
dx

(lm) = 0
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Semi-analytic solution for multilayer diffusion

I Eigenvalues are roots of simple transcendental equations:

Layer i = 1: λ1,n are positive roots of

aLλ tan(λ(l1 − l0)) = −bL

Layer i = 2, . . . ,m− 1: λi,n are non-negative roots of

sin(λ(li − li−1)) = 0 ⇒ λn =
nπ

li − li−1

Layer i = m: λm,n are positive roots of

aRλ tan(λ(lm − lm−1)) = −bR

I Inverting the Laplace transformed solution, the solution within each layer is
expressed in terms of inverse Laplace transforms involving the interface func-
tions: gi(s) = L−1{gi(t)}. For example, in the first layer:

u1(x, t) = w1(x) +
∞∑
n=0

[
c1,ne

−tκ1λ
2
1,n + L−1

{
g1(s)

s+ κ1λ2
1,n

}
φ1,n(l1)

]
φ1,n(x)
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Semi-analytic solution for multilayer diffusion

I Inverse Laplace transforms are computed numerically:

L−1

{
gi(s)

s+ κiλ2
n

}
≈ −2<


N/2∑
k=1

ck
gi(zk/t)

zk + κiλ2
nt

 ,

where ck and zk are the residues and poles of the best (N ,N ) rational approxi-
mation to ez on the negative real line computed using the Carathéodory-Fejér
method [Trefethen et al. (2006)].

I To compute gi(z2k−1/t) (i = 1, . . . ,m) we solve an (m−1)×(m−1) tridiagonal
linear system:

v1(l1, zk/t) = v2(l1, zk/t)

v2(l2, zk/t) = v3(l2, zk/t)

...
vm−1(lm−1, zk/t) = vm(lm−1, zk/t)

which come from the interface conditions: vi(li, s) = vi+1(li, s).
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Solution verification

t = 0.01

t = 0.2

t = 1

x
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u
(x
,
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1

Semi-Analytic Analytic Finite Volume

Figure: Diffusivities κ = [1.0, 0.1, 1.0, 0.1, 1.0, 0.1, 1.0, 0.1, 1.0, 0.1].
Problem originally appeared in Hickson et al. (2009b).
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Application to macroscopic modelling

I Fine-scale model: composite medium consisting ofm layers

m layers

lml0

I Macroscopic model: composite medium consisting of n layers (n� m)

n layers

L0 L1 L2 Ln−2 Ln−1 Ln

K
(1)
eff K

(2)
eff K

(n−1)
eff K

(n)
eff

Macroscopic equation:

∂Uk
∂t

= K
(k)
eff

∂2Uk
∂x2

Lk−1 < x < Lk

where K(k)
eff is the effective (macroscopic) diffusivity in the kth macro-layer de-

fined as the harmonic average of the fine-layer diffusivities comprising the
kth macro-layer.
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Application to macroscopic modelling

I Apply a macroscopic gradient ∂U
∂x

and solve the steady state problem with
the same internal boundary conditions at the interfaces:

d2u1

dx2
= 0

d2u2

dx2
= 0

d2um−1

dx2
= 0

d2um

dx2
= 0

b
u1 = 0

b

um =
∂U

∂x
(lm − l0)

Macroscopic gradient

l0 l1 l2 lm−2 lm−1 lm

I One can show that the effective (macroscopic) flux is given by:

qeff =
1

lm − l0

m∑
i=1

(∫ li

li−1

−κi
dui
dx

dx

)
= −

(
1

lm − l0

m∑
i=1

li − li−1

κi

)−1

Keff

∂U

∂x
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Application to macroscopic modelling
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Figure: Fine-layer diffusivities κi = 1.1 + sin(i) (i = 1, . . . , 200)
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Application to macroscopic modelling
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Figure: Fine-layer diffusivities κi = 1.1 + sin(i) (i = 1, . . . , 200)
Computation time: 15 secs (Fine-scale), 1 sec (Macroscopic) in MATLAB
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Summary

I Presented a new semi-analyticmethod for solving the transient diffusion equa-
tion in a one-dimensional composite medium consisting of m layers

I Method is based on the Laplace transform and an orthogonal eigenfunction
expansion using simple Sturm-Liouville problems that are local to each layer
and not coupled across layers

I Solution is valid for both perfect and imperfect contact at the interfaces and
Dirichlet, NeumannorRobin boundary conditions at either end of themedium

I Advantages of the new approach:
3 Avoids solving a complex transcendental equation for the eigenvalues in-

volving the matrix determinant
3 Eigenvalues are roots of simple transcendental equations
3 Scales well to a large number of layers (tested up to 10,000 layers with no

problems)

I MATLAB code is available at: http://github.com/elliotcarr/MultDiff
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Thank you!
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