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Composite spherical capsule

Qp: drug-filled core

Q;: outer shells
i=1,...,n

Q,: external medium

Focus: Time required for the capsule to be depleted of drug.
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Multi-layer capsule PP —

Rotational symmetry produces a one-dimensional problem

0 Ry R, Re
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Multi-layer capsule p—

Mathematical model for the drug concentration

Multi-layer diffusion model [Kaoui et al.(2018), Carr and Pontrelli (2018)]:

dc Dy 0 dc
Inner Core: a_to = r20 > (7’2 a—ro), r € (0, Ro),
Outer Shells: % = %8% (rz %), r€(Rj-1,Rj) fori=1,...,n,
External Medium: % = ?28 ;r (rz%), 7 € (Ry, Reo),

Initial conditions: ¢o(r,0) = Cp and ¢;(r,0) =0 fori=1,...,n,e.
Boundary conditions:

e

=0, atr=0; ce=0, atr=Rc.
ar
Interface conditions:
(9 (9C,'+1 .
Ci = Ci+1, Dla D,+1a—, atr=Rj_yfori=1,...,n-1,
ac dac, ac,
Dfa—: =P(c. — cp), D, == = —Dea— atr =R,.
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Multi-layer capsule p—

Definition of release time
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Dimensionless concentration at the centre of the capsule:

—~ co(0, )
co(t) i= ——.
o() o
Release time: time ¢, > 0 satisfying;:
FCVO(tr) =&

where ¢ is a small specified tolerance (e.g. € = 1077).

Objective: Estimate ¢, using temporal moments of ¢o(f).
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Temporal moments

Temporal moments satisfy boundary value problems

School of Mathematical
Sciences

Definition of kth moment at 7 = 0:
M = f T EaGd,
Introduce the kth moment at any spatial lg)cation:
uj(r) = j:o #¢i(r, ) dt, ci(r, ) = ci(r,£)/ Co.
Apply the linear operator Lo := % % (r2 %) to both sides of (1):

Lujp(r) = fm * Loi(r, 1) dt
0

Lujp(r) = f Z dt
0

_ JCioo(r) =Cip(r) ifk=0
Laalr) = {[fk?i(r, DIF =k [y *7lGn Hdt ifk=1,2,...
Di d (oduik) _ [Ge(r) =Tip() ifk=0
dr | \~kuix ifk=1,2,...

1)
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Temporal moments S —

Temporal moments satisfy boundary value problems

Boundary value problem for 1 (r):

) Dy d ( ,dugr\ _ [Cieo(r) =Cip(r) ifk=0
Inner Core: 2 q ( el i ity ke N r € (0,Rp)
) D;i d (o duik) _ [Cioo(r) =Cig(r) ifk=0 r € (Ri-1,Ri)
Outer Shells: 24 ( ar ) = {—kuj,kq ke IN* i=1,...,n,
D d (Ldug) (G =Tt ifk=0
External Medium: 2 (r el i i Kt ke N 7 € (Ry, Reo),

subject to boundary and interface conditions formulated by combining the definition of
u;x(r) and the boundary and interface conditions of the multi-layer diffusion model.

Recursively solve boundary value problems:

e k =0: solve for u;( and calculate zeroth moment: My = 19,(0).

e k= 1: using u; solve for u;; and calculate first moment: M; = ug(0).
e Repeatfork=2,3,...

We can compute My, M; etc without the need to compute ¢y(#)!
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Estimating the release time Sctool ottt

Asymptotic estimate based on the moments

At each location x, transient solution takes the form [Kaoui et al.(2018)]:
FCV()(t)ZZ]/]'eitﬁ/, 0<ﬁ0 <ﬁ1 <‘32 <...,
j=0
Follows that:

Colt) = Z y]'e_”gf = yoe 0, forlarge t.
j=0

Asymptotic estimate of response time:

T 1
Co(ty) =& = )/Oe—frlgﬁ ~e = hx— ln(i_o)’
0

where ¢ is a small prescribed tolerance (e.g. ¢ = 1077).

Can we estimate ffy and y using the moments?
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Estimating the release time Sctool ottt

Asymptotic estimate based on the moments

Yes, because of the asymptotic relation:

k!
M = k):;) ask — oo.
0
Matching consecutive moments:
k
(k=D My, o = M (M
.B() - k! My,
70 kM1
Kopr =M Pox — it
ﬁo Mk

Asymptotic estimate of release time:

k
ty My ln[&(kMk_l)] ask — oo.

M R M

No need for ¢o(#) or complete solution of diffusion model!
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Asymptotic estimate of the release time

e=10"* e=10"° e=10"°
k ty colty) tr colty) tr <oltr)
1 | 02:06:22:59 7.2152-107* | 02:22:53:05 4.8197-107* | 03:15:23:12 3.5016-10~*
2 | 07:23:03:31 8.6792-107° | 13:02:30:33 2.0023-1075 | 18:05:57:35 4.6400-10°°
3 | 07:21:39:42 8.8261-107° | 15:11:32:11 1.0190-107> | 23:01:24:40 1.1822-107°
4 | 07:14:19:3¢  9.6411-1075 | 15:14:06:10 9.8849-107° | 23:13:52:46 1.0199-10°
5 | 07:11:49:55 9.9360-107° | 15:13:37:58 9.9401-107° | 23:15:26:02 1.0013 - 10®
6 | 07:11:02:47 1.0031-107* | 15:13:18:53 9.9777-107° | 23:15:34:58 9.9953-10~7
7 | 07:10:48:25 1.0060-107* | 15:13:11:17 9.9926-107¢ | 23:15:34:10 9.9969 - 107
8 | 07:10:44:09 1.0069-107* | 15:13:08:41 9.9977-107¢ | 23:15:33:14 9.9988 - 107
9 | 07:10:42:54 1.0071-107* | 15:13:07:52 9.9994-107° | 23:15:32:50 9.9996 - 107
10 | 07:10:42:33 1.0072-107* | 15:13:07:37 9.9999-107° | 23:15:32:41 9.9999 - 10~°
11 | 07:10:42:27 1.0072-107* | 15:13:07:32 1.0000-1075 23:15:32:38 1.0000 - 10~°
12 | 07:10:42:25 1.0072-107* | 15:13:07:31 1.0000-107°> | 23:15:32:37 1.0000 - 10~°
13 | 07:10:42:25 1.0072-107* | 15:13:07:31 1.0000-10~° | 23:15:32:37 1.0000 - 10~®
14 | 07:10:42:25 1.0072-107* | 15:13:07:31 1.0000-1075 | 23:15:32:37 1.0000 - 10~®

k
Asymptotic estimate: t, = k//\\/(/(k In [% (k/)/(\/(#) ] as k — oo.
k-1 . k
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Estimating the release time e

Crude approximation based on zeroth and first moments only

The zeroth and first moments (My and M) have somewhat simple algebric expressions
involving the physical parameters (diffusivities D;, radii R;, etc.)

R} RI(Ri-Ro) R}(Rw-Ri) R

=—+
Mo 6D 3D1Rq 3D.R1Re 3R%P
M, - 7RS  7R3(Ry - Ro) . 7R3(Re — R1) . 7R3
180D~ 45DoDiR;  45DgDcRiReo ~ 45DoPR?

. 2R3(R1 = Ro)*(Ro + Ry — Ro) . 4R3(Ros — Ry)(R3 - RS + R?)
9D?R2 9D.PR3Re

2R3(Ry — Ro)(2R3 — 2R3 + RoR1 + R3) [ Ry = Ry) 1
+ + =
9D1R? D¢Reo PR,

3 213 3 3 3 2
. 2R3(Re — R1)*(R} = R} + R} — R} + R2Rw)
9DZR3R3,

Crude approximation: ¢, ¥ My + 11 Y My, where 1 is a heuristic factor
[Simpson et al. (2013)].
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Results

Crude approximation of the release time
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Crude approximation: tr = Mo + 3y My

https://elliotcarr.github.io/

11/13


https://elliotcarr.github.io/

Summary and Future Work &ii;onocleas'Mamematical

Temporal moments provide insight into the release time

Proposed two novel approaches to estimate the release time for a composite spherical
microcapsule with rotational symmetry.

Both approaches make use of temporal moments of the drug concentration at the centre
of the capsule (r = 0):

Msz *TMdt, k=0,1,2,...
0

Moments can be computed exactly without explicit calculation of the full transient
solution of the multi-layer diffusion model (c;(r,t),i = 1,...,n,e).

First approach yields a highly accurate asymptotic estimate of the release time involving
consecutive higher order moments.

Second approach involving the first two moments yields a crude approximation of the
release time taking the form of a simple algebraic expression involving the various
parameters in the model (diffusivities and radii).

Future work will focus on spatially-varying (D(r)) and nonlinear (D(c, r)) coefficients.
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Further reading p—

Carr and Pontrelli (2019)

Preprint available on the arXiv repository: https://arxiv.org/abs/1901.08231.
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