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Random walks

Motivating applications

Drug Delivery Animal Movement?

Mathematical questions:

1. What proportion of “particles” remain in the system at a given time?

2. How long does it take for a “particle” to exit given its starting location?

Lhttps://twitter.com/JamesMPay /status/1484298706375655426
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Stochastic Model

Random walk

Domain: Disc of radius L. Absorbing

N, non-interacting particles
(initially uniformly-distributed across domain)

Unbiased random walk:
xj(t + 7) = x;(t) + 6 [cos(8;), sin(6;)], 6; ~ U(0, 27).

Absorbing boundary (P =1) at r =L or _ _
Semi-absorbing boundary (0 < P < 1) at r = L. Semi-absorbing

Proportion of particles remaining:

P(e) = "5

where N(t) is number of particles remaining at time t.
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Stochastic Model

Continuum Limit

Probability a particle is at location (x, y) at time ¢t

27
p(x,y, t):/ p(x —8cosf,y —ésinf, t — 7)f(0)do, f(9):2i.
0 T

Expanding in Taylor series
27
p:/0 [p—écos&%—ésineg—;—'r%—i—--- f(6)do

(z —dcosh,y — dsinh)

Diffusion equation

op _ 8p  %p
i D <ﬁ + a— + higher order terms

where D = §%/(47).
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Continuum Model

Initial boundary value problem

For a disc, dimensionless particle concentration c(r, t) satisfies:

o Do (0) o, .,
ot ror\ or)’ '
c(r,0)=1

%(0, t) = 0 (radial symmetry)

c(L, t) = 0 (absorbing) or c(L, t) + —= J 6C(L t) = 0 (semi-absorbing)

Proportion of particles remaining:

Joc(r t)dA
Joc(r.0)dA

5 L
= F/ rc(r, t)dr.
0

P(t) =
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Continuum Model

Results

Absorbing
1
< T =3.06 x 10*
P=1
0
0 ¢ T
. N(t .
Stochastic: P(t) = I\(I ) (100 trials)
P

L
Continuum: P(t) = %/ rc(r, t)dr
0

Dr Elliot Carr

Semi-absorbing

Stochastic Model

T =3.79 x 10*
P=0.1
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Continuum Model

Results

Absorbing

Stochastic Model
Continuum Model

=
& T = 3.06 x 10
P=1
0
0

N(t)

P

Stochastic: P(t) = (100 trials)

=

L
Continuum: P(t) = %/ rc(r, t)dr
0
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Semi-absorbing

Stochastic Model
Continuum Model

T =3.79 x 10*
P=0.1
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Exponential Model

Development

Exponential model:

P(t) =e .

/Ooo P(t)dt = /OooPc(t)dt.

A=12 [2 /OL rM(r)dr}_1

where M(r) = /0oo c(r t)dt

Choose X to satisfy:

Explicit formula for A:

Attraction of this approach is that A can be calculated explicitly as M(r) satisfies
a boundary value problem with a simple closed-form solution...
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Exponential Model

Development

i Oc Do Oc
M(r)—A C(r,t)dt, E—TE <r5>
Differential equation:

Dd dM / D a ac dt — @dt .
rdr \"dr o ror "or o Ot
Boundary conditions:

ﬂ(O) = 0 (radial symmetry)

dr
5 dm : .
M(L) = 0 (absorbing) or M(L) + — B dr —— (L) = 0 (semi-absorbing)

Solution:
L2 _ 2
M(r) = ) (absorbing)
2
M(r) = L 4Dr + % (semi-absorbing)
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Exponential Model

Formulas

Absorbing
Absorbing boundary

—8Dt 52
'P(t):exp< B > D ypu

Semi-absorbing

Semi-absorbing boundary

—8Dt
P(t) = exp (m)

Dr Elliot Carr Part 1: Proportion of particles remaining


https://elliotcarr.github.io/

Exponential Model

Results

Semi-absorbing

Absorbing
1 1

Stochastic Model
Continuum Model

= =

& T = 3.06 x 10* &
P=1

0 0
0 0

N(t)

P

o L
Continuum: P(t) = p/
0

Stochastic: P(t) =

=

Dr Elliot Carr

(100 trials)

re(r, t)dr

1: Proportion of particles remai

Stochastic Model
Continuum Model

T =3.79 x 10*
P=0.1
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Exponential Model

Results

Semi-absorbing

Absorbing
1 1
Stochastic Model Stochastic Model
\ Continuum Model \ Continuum Model
\ = =Exponential Model \ = =—Exponential Model
\J
= |\ = | '\
& . T = 3.06 x 10* & T =3.79 x 10*
P=1 P=0.1
S -
0 0
0 0 + T
. N(t . . _
Stochastic: P(t) = # (100 trials) Exponential: P(t) = e

L
Continuum: P(t) = %/ rc(r, t)dr
0
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Weibull Model

Development

Weibull model:

P(t) = e 7,

Match the zeroth and first moments of P(t) and P.(t):

/ t“P(t)dt:/ t“Pc(t)dt, for k =0,1.
0 0

Two coupled nonlinear equations for A and a:

(kL 2 L
a(}\’?“) = F/o rMi(r)dr, k=0,1,

where My (r) = [° t“c(r, t)dt.

As for the exponential model, My (r) satisfies a boundary value problem with simple
closed-form polynomial solutions.

Dr Elliot Carr
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Weibull Model

Development

Combine two nonlinear equations \ B
I
\ () \
2 250\ __ PLt Pt py
Olr(a) — Kk \ "7 bt pso + peo?
Ty, = K-
r(a) e 2 \\
Padé approximation s \:\\
~
2 ~
p1+ pa + p3a ~—

o
o
o
1=
=
9
o
o
o
©
—

ps + psa + psa®

Approximate explicit formulas for a and A

o — P = P2 = /(psk — p2)? = 4(ps — por)(p1 — pak)
2(p3 — pek)
L
)\ _ L2|: 20{

@ | rivio(r) dr]

Dr Elliot Carr rt 1: Proportion of particles remaini
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Weibull Model

Formulas

P(t) = e~ (DE/N)* Absorbing

Absorbing boundary

k=4/3
a = 0.78258
A =0.10856L°

Semi-absorbing boundary

Semi-absorbing

4[>+ 66(L+25/P)/P]
- 3(L + 48/P)?
oo P P2 V/(psk — p2)? — 4(ps — pek)(p1 — pak)
2(ps — pek)

y_ _ 8Dr(1/a)
~ oL+ 48L/P)
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Weibull Model

Results

Semi-absorbing

Absorbing
1 1
Stochastic Model Stochastic Model
\ Continuum Model \ Continuum Model
\ = =Exponential Model \ = =—Exponential Model
\J
= |\ = | '\
& . T = 3.06 x 10* & T =3.79 x 10*
P=1 P=0.1
S -
0 0
0 0 + T
. N(t . . _
Stochastic: P(t) = # (100 trials) Exponential: P(t) = e

L
Continuum: P(t) = %/ rc(r, t)dr
0
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Weibull Model

Results

Absorbing Semi-absorbing

Stochastic Model

Stochastic Model
Continuum Model Continuum Model
= =Weibull Model = =Weibull Model
= =
& T = 3.06 x 10* & T = 3.79 x 10*
P=1 P=0.1
0 0
0 ¢ T 0 ¢ T
. N(t . . _
Stochastic: P(t) = # (100 trials) Weibull: P(t) =e (%

L
Continuum: P(t) = %/ rc(r, t)dr
0
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Publication, preprint and code

Carr (2022)

Physica A 605 (2022) 127985

Contents lists available at ScienceDirect

Physica A

journal homepage: www.elsevier.com/locate/physa

Exponential and Weibull models for spherical and
spherical-shell diffusion-controlled release systems with
semi-absorbing boundaries

Elliot J. Carr

School of Mathematical Sciences, Queensland University of Technology, Brisbane, Australia

Article: Physica A: Statistical Mechanics and its Applications.
Preprint: arxiv.org/abs/2107.04759.
MATLAB Code: github.com/elliotcarr/Carr2022b.

Dr Elliot Carr 1: Proportion of particles remai
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Summary

Part 1: Proportion of particles remaining

Simple one-term models on a disc.

Models are valid in the continuum limit (small values of § and 7).
Exponential model: very simple but moderate accuracy.

Weibull model: less simple but higher accuracy.

Models have also been developed for other related problems.

Carr (2022), Physica A: Statistical Mechanics and its Applications
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Summary

Part 1: Proportion of particles remaining

Simple one-term models on a disc.

Models are valid in the continuum limit (small values of § and 7).

Exponential model: very sim racy.
Weibull model: less simple b

Models have also been devel problems.

V)

Luke Filippini
Wed 11:20-11:40
(Tully 2)

Carr (2022), Physica A: Statistical Mechanics and its Applications
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Mean Exit Time

Expected time for a particle to exit the system

Dr Elliot Carr Part 2: Mean Exit Time
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Stochastic Model

Random walk

Trial 1

Irregular annulus domain. . @

At least one absorbing boundary.

Unbiased random walk:
x(t + 1) = x(t) + 6 [cos(8),sin(8)], 6 ~ U(0,2m).

N repeated trials for each starting position (x, y).

o Trial 2
Mean exit time:

T(xy) = 3 2 tx.)

where t;(x, y) is time taken to exit for ith trial.

Dr Elliot Carr Part 2: Mean Exit Time
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Stochastic Model

Continuum Limit

Mean exit time:
(x,y) = Z tep(x,y, t), tx = kT.

Probability a particle starting at location (x, y) exits after k time steps:

27
p(x,y, t) = / p(x +dcosb,y+dsinb, tx_1)f(6)do, f(9) = 2i
0 T
Combining and expanding in Taylor series: (z+dcosf,y + dsind)

2 2T
—-1=D (g 72- + g 2) + higher order terms

Diffusivity:

Dr Elliot Carr Part 2: Mean Exit Time
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Continuum Model

Boundary value problem

Poisson equation for the mean exit time T(r, 6):
DV’T = -1 R1(6) < r < R2(6)
Reflecting inner boundary:

VT(r,0) -n6)=0 on r =R1(0)

Absorbing outer boundary:

T(r,0)=0 on r = R»(0)

Exact solution for an annulus (R1(0) = R1, R2(8) = R2) is trivial. Can we develop
an (approximate) analytical solution for the case where the irregular domain is given
by a small perturbation of an annulus?

Dr Elliot Carr Part 2: Mean Exit Time
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Perturbation Solution

Perturbed Annulus

Poisson equation for mean exit time: R1(6) =

Dv2T -1 RZ(Q) = RZ(]- + £g2(9))

Assume perturbation solution:
(r.6)= Zs T«(r,0)

Substitute and match powers of €.
Leading order term (k = 0):

DV’To = -1
Higher order terms (k =1,2,..., N):

V2T =0

Dr Elliot Carr Part 2: Mean Exit Time
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Perturbation Solution

Absorbing outer boundary

Absorbing outer boundary:
T(r,0)=0 on r=TRy(). R2(0) = Ra(1 4 £g2(6))

Expand in Taylor series:

oo

Z SR2g2(9)) 6’ (R2 9) =0

Introduce perturbation expansion:

ii si+k(R?g2( )) aTk (Ra,6) = 0

il
Match powers of ¢:
Ti(R2,6) = bi(6)

where by (6) depends on partial derivatives of T, ..., Tk—1 with respect to r.

Dr Elliot Carr Part 2: Mean Exit Time
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Perturbation Solution

Reflecting inner boundary

Reflecting inner boundary:
R1(6) = Ri(1 + £21(6))

VT(r,6) -n(6)=0 on r="TRi(6).
Normal vector:
n(0) = —Ri(0)er + R'l(e)eg

Reflecting inner boundary:

20T
or

Expand in Taylor series, introduce expansion and match powers of ¢

RO (. 0) + R’l(e)g—g(r, 6) = 0.

OTx
—(R1,0) = ax(6
SE(R.6) = 24(0)
where a,(6) depends on partial and mixed derivatives of Ty, ..., Tx—1 with respect

to r and 6.

Dr Elliot Carr Part 2: Mean Exit Time
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Perturbation Solution

Boundary value problems

Leading order term (k = 0): Unperturbed domain
D 4 T (Ri < r<R»)
S (r=2)=-1, Ri<r<R,

r dr dr
dTo
—(R1) = To(R2) = 0.
(R) =0, TolRe) =0
To(r) = 2 B g/ 2)
r D oglr 2

Higher order terms (k =1,2,...):

V2T =0, Ri<r<Ry,
AT«
or

T«(r,6) can be found using separation of variables.

——(R1,0) = ax(6), Tk(R2,0) = bi(6).

Dr Elliot Carr Part 2: Mean Exit Time
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Results

Reflecting inner boundary and absorbing outer boundary

Stochastic Perturbation
T T

3 900 3 900
675 675
=0 450 > 0 450
225 225

-3 0 -3 0

-3 0 3 -3 0 3
(a) (b)
N g1(0) = sin(36) + cos(56)

Stochastic: T(r,8) — % S t(r.0) (N = 50)
i=1

Perturbation: T(r,8) = To(r) + €T1(r,0) + € T(r, 6)

g2(0) = cos(36), £ =0.05

Dr Elliot Carr Part 2: Mean Exit Time
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Results

Absorbing inner and outer boundaries

Stochastic - Perturbation
3 300 300
225 225
>0 150 150
75 75
-3 0 0
-3 0 3
(a) x
N g1(0) = sin(36) + cos(56)

Stochastic: T(r,8) — % S t(r.0) (N = 50)
i=1

Perturbation: T(r,8) = To(r) + €T1(r,0) + € T(r, 6)

g2(0) = cos(36), £ =0.05
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Publication, preprint and code

Carr et al (2022)

10P Publishing Journal of Physics A: Mathematical and Theoretical
J. Phys. A: Math. Theor. 55 (2022) 105002 (21pp) https://doi.org/10.1088/1751-8121/acdald

Mean exit time in irregularly-shaped
annular and composite disc domains

Elliot J Carr*©, Daniel J VandenHeuvel ®, Joshua M Wilson
and Matthew J Simpson

School of Mathematical Sciences, Queensland University of Technology, Brisbane,
Queensland 4001, Australia

Article: Journal of Physics A: Mathematical and Theoretical.
Preprint: arxiv.org/abs/2108.03816.
MATLAB Code: github.com/ProfMJSimpson/Exit_time.
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Summary

Part 2: Mean Exit Time

Approximate analytical solutions for the mean exit time on an irregular annulus.
Solutions are valid in the continuum limit (small values of é and ).
Solutions are valid for domains given by a small perturbation of a perfect annulus.

Perturbation solutions have also been developed for other related problems.

D,

Simpson et al (2021), New Journal of Physics
Carr et al (2022), Journal of Physics A: Mathematical and Theoretical
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