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Random walks
Motivating applications
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Drug Delivery Animal Movement1

Mathematical questions:

1. What proportion of “particles” remain in the system at a given time?

2. How long does it take for a “particle” to exit given its starting location?

1https://twitter.com/JamesMPay/status/1484298706375655426
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Proportion of particles remaining
Survival probability
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Stochastic Model
Random walk
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I Domain: Disc of radius L.

I Np non-interacting particles
(initially uniformly-distributed across domain)

I Unbiased random walk:

xj(t + fi) = xj(t) + ‹ [cos(„j); sin(„j)]; „j ∼ U(0; 2ı):

I Absorbing boundary (P = 1) at r = L or
Semi-absorbing boundary (0 < P < 1) at r = L.

I Proportion of particles remaining:

P(t) =
N(t)

Np
;

where N(t) is number of particles remaining at time t.

Absorbing

Semi-absorbing

https://elliotcarr.github.io/


Stochastic Model
Continuum Limit
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I Probability a particle is at location (x; y) at time t

p(x; y ; t) =

Z 2ı

0

p(x − ‹ cos „; y − ‹ sin „; t − fi)f („) d„; f („) =
1

2ı
:

I Expanding in Taylor series

p =

Z 2ı

0

»
p − ‹ cos „

@p

@x
− ‹ sin „

@p

@y
− fi

@p

@t
+ · · ·

–
f („) d„

I Diffusion equation

@p

@t
= D

„
@2p

@x2
+
@2p

@y 2

«
+ higher order terms

where D = ‹2=(4fi).

https://elliotcarr.github.io/


Continuum Model
Initial boundary value problem
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I For a disc, dimensionless particle concentration c(r; t) satisfies:

@c

@t
=
D

r

@

@r

„
r
@c

@r

«
; 0 < r < L;

c(r; 0) = 1;

@c

@r
(0; t) = 0 (radial symmetry)

c(L; t) = 0 (absorbing) or c(L; t) +
‹

P

@c

@r
(L; t) = 0 (semi-absorbing)

I Proportion of particles remaining:

P(t) =

R
Ω
c(r; t) dAR

Ω
c(r; 0) dA

=
2

L2

Z L

0

rc(r; t) dr:

https://elliotcarr.github.io/


Continuum Model
Results
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Absorbing Semi-absorbing

Stochastic Model Stochastic Model

Stochastic: P(t) =
N(t)

Np
(100 trials)

Continuum: P(t) =
2

L2

Z L

0

rc(r; t) dr
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Continuum Model
Results
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Absorbing Semi-absorbing

Stochastic Model

Continuum Model

Stochastic Model

Continuum Model

Stochastic: P(t) =
N(t)

Np
(100 trials)

Continuum: P(t) =
2

L2

Z L

0

rc(r; t) dr
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Exponential Model
Development
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Pc(t) =
2

L2

Z L

0

rc(r; t) dr
Exponential model:

P(t) = e−–t :

Choose – to satisfy: Z ∞

0

P(t) dt =

Z ∞

0

Pc(t) dt:

Explicit formula for –:

– = L2

»
2

Z L

0

rM(r) dr

–−1

where M(r) =

Z ∞

0

c(r; t) dt

Attraction of this approach is that – can be calculated explicitly as M(r) satisfies
a boundary value problem with a simple closed-form solution...

https://elliotcarr.github.io/


Exponential Model
Development
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M(r) =

Z ∞

0

c(r; t) dt;
@c

@t
=
D

r

@

@r

„
r
@c

@r

«
Differential equation:

D

r

d

dr

„
r
dM

dr

«
=

Z ∞

0

D

r

@

@r

„
r
@c

@r

«
dt =

Z ∞

0

@c

@t
dt = −1:

Boundary conditions:

dM

dr
(0) = 0 (radial symmetry)

M(L) = 0 (absorbing) or M(L) +
‹

P

dM

dr
(L) = 0 (semi-absorbing)

Solution:

M(r) =
L2 − r 2

4D
(absorbing)

M(r) =
L2 − r 2

4D
+

L‹

2DP
(semi-absorbing)

https://elliotcarr.github.io/


Exponential Model
Formulas
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Absorbing boundary

P(t) = exp

„
−8Dt

L2

«
; D =

‹2

4fi

Semi-absorbing boundary

P(t) = exp

„
−8Dt

L2 + 4‹L=P

«

Absorbing

Semi-absorbing

https://elliotcarr.github.io/


Exponential Model
Results
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Absorbing Semi-absorbing

Stochastic Model

Continuum Model

Stochastic Model

Continuum Model

Stochastic: P(t) =
N(t)

Np
(100 trials)

Continuum: P(t) =
2

L2

Z L

0

rc(r; t) dr
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Results

Dr Elliot Carr Part 1: Proportion of particles remaining 10/28

Absorbing Semi-absorbing

Stochastic Model
Continuum Model
Exponential Model

Stochastic Model
Continuum Model
Exponential Model

Stochastic: P(t) =
N(t)

Np
(100 trials) Exponential: P(t) = e−–t

Continuum: P(t) =
2

L2

Z L

0

rc(r; t) dr
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Weibull Model
Development
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Pc(t) =
2

L2

Z L

0

rc(r; t) dr
Weibull model:

P(t) = e−(–t)¸ :

Match the zeroth and first moments of P(t) and Pc(t):Z ∞

0

tkP(t) dt =

Z ∞

0

tkPc(t) dt; for k = 0; 1:

Two coupled nonlinear equations for – and ¸:

Γ( k+1
¸

)

¸–k+1
=

2

L2

Z L

0

rMk(r) dr; k = 0; 1;

where Mk(r) =
R∞
0
tkc(r; t) dt.

As for the exponential model, Mk(r) satisfies a boundary value problem with simple
closed-form polynomial solutions.

https://elliotcarr.github.io/


Weibull Model
Development
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Combine two nonlinear equations

¸Γ( 2
¸
)

Γ( 1
¸
)2

= »:

Padé approximation

p1 + p2¸+ p3¸
2

p4 + p5¸+ p6¸2
= »:

Approximate explicit formulas for ¸ and –

¸ =
p5»− p2 −

p
(p5»− p2)2 − 4(p3 − p6»)(p1 − p4»)

2(p3 − p6»)

– = L2

»
2¸

Γ( 1
¸
)

Z L

0

rM0(r) dr

–−1

https://elliotcarr.github.io/


Weibull Model
Formulas
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P(t) = e−(Dt=–)¸

Absorbing boundary

» = 4=3

¸ = 0:78258

– = 0:10856L2

Semi-absorbing boundary

» =
4[L2 + 6‹(L+ 2‹=P )=P ]

3(L+ 4‹=P )2

¸ =
p5»− p2 −

p
(p5»− p2)2 − 4(p3 − p6»)(p1 − p4»)

2(p3 − p6»)

– =
8DΓ(1=¸)

¸(L2 + 4‹L=P )

Absorbing

Semi-absorbing

https://elliotcarr.github.io/


Weibull Model
Results
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Absorbing Semi-absorbing

Stochastic Model
Continuum Model
Exponential Model

Stochastic Model
Continuum Model
Exponential Model

Stochastic: P(t) =
N(t)

Np
(100 trials) Exponential: P(t) = e−–t

Continuum: P(t) =
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L2

Z L

0
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Absorbing Semi-absorbing

Stochastic Model

Continuum Model

Weibull Model

Stochastic Model

Continuum Model

Weibull Model

Stochastic: P(t) =
N(t)

Np
(100 trials) Weibull: P(t) = e−(–t)¸

Continuum: P(t) =
2

L2

Z L

0

rc(r; t) dr
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a b s t r a c t

We consider the classical problem of particle diffusion in d-dimensional radially-
symmetric systems with absorbing boundaries. A key quantity to characterise such
diffusive transport is the evolution of the proportion of particles remaining in the system
over time, which we denote by P(t). Rather than work with analytical expressions
for P(t) obtained from solution of the corresponding continuum model, which when
available take the form of an infinite series of exponential terms, single-term low-
parameter models are commonly proposed to approximate P(t) to ease the process
of fitting, characterising and interpreting experimental release data. Previous models
of this form have mainly been developed for circular and spherical systems with an
absorbing boundary. In this work, we consider circular, spherical, annular and spherical-
shell systems with absorbing, reflecting and/or semi-absorbing boundaries. By proposing
a moment matching approach, we develop several simple one and two parameter
exponential and Weibull models for P(t), each involving parameters that depend
explicitly on the system dimension, diffusivity, geometry and boundary conditions. The
developed models, despite their simplicity, agree very well with values of P(t) obtained
from stochastic model simulations and continuum model solutions.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Mathematically modelling stochastic diffusive transport is fundamental to numerous applications across physics [1,2],
biology [3,4], ecology [5,6] and medicine [7,8]. In this work, we consider the classical problem of particle diffusion in
d-dimensional radially-symmetric homogeneous domains containing absorbing boundaries. Here, particles diffuse until
they are absorbed at a boundary, at which point they are removed from the system (Fig. 1). A key quantity to characterise
such diffusive processes is the evolution of the proportion of particles remaining in the system over time, which we denote
by P(t) (Fig. 1). As shown in Fig. 1, P(t), which is called the survival probability in the first passage times literature [9],
decreases over time as more particles are released with both the slope and the shape of the curve depending on the
system dimension, geometry, diffusivity and boundary conditions.

When available, analytical expressions for P(t), obtained from the continuum analogue of the stochastic diffusion
process, take the form of an infinite series of exponential functions [7,9–12] that depend non-trivially (and in some
cases implicitly) on various parameters of the diffusive transport system. To ease the process of fitting and explaining
experimental release data [13], simple one-term models are commonly proposed to approximate P(t). Previous work in

E-mail address: elliot.carr@qut.edu.au.

https://doi.org/10.1016/j.physa.2022.127985
0378-4371/© 2022 Elsevier B.V. All rights reserved.

Article: Physica A: Statistical Mechanics and its Applications.
Preprint: arxiv.org/abs/2107.04759.
MATLAB Code: github.com/elliotcarr/Carr2022b.

https://elliotcarr.github.io/
https://doi.org/10.1016/j.physa.2022.127985
https://arxiv.org/abs/2107.04759
https://github.com/elliotcarr/Carr2022b
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I Simple one-term models on a disc.

I Models are valid in the continuum limit (small values of ‹ and fi).

I Exponential model: very simple but moderate accuracy.

I Weibull model: less simple but higher accuracy.

I Models have also been developed for other related problems.(a)

(b)

(c)

(d)

(a)

(b)

(c)

(d)

(a)

(b)

(c)

(d)
Carr (2022), Physica A: Statistical Mechanics and its Applications

https://elliotcarr.github.io/
https://doi.org/10.1016/j.physa.2022.127985
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I Simple one-term models on a disc.

I Models are valid in the continuum limit (small values of ‹ and fi).

I Exponential model: very simple but moderate accuracy.

I Weibull model: less simple but higher accuracy.

I Models have also been developed for other related problems.(a)

(b)

(c)

(d)

(a)

(b)

(c)

(d)

(a)

(b)

(c)

(d)
Carr (2022), Physica A: Statistical Mechanics and its Applications

Luke Filippini
Wed 11:20-11:40

(Tully 2)

https://elliotcarr.github.io/
https://doi.org/10.1016/j.physa.2022.127985


Mean Exit Time
Expected time for a particle to exit the system
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Stochastic Model
Random walk
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I Irregular annulus domain.

I At least one absorbing boundary.

I Unbiased random walk:

x(t + fi) = x(t) + ‹ [cos(„); sin(„)]; „ ∼ U(0; 2ı):

I N repeated trials for each starting position (x; y).

I Mean exit time:

T (x; y) =
1

N

NX
i=1

ti (x; y);

where ti (x; y) is time taken to exit for ith trial.

Trial 1

Trial 2

https://elliotcarr.github.io/


Stochastic Model
Continuum Limit
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I Mean exit time:

T (x; y) =
∞X
k=0

tkp(x; y ; tk); tk = kfi:

I Probability a particle starting at location (x; y) exits after k time steps:

p(x; y ; tk) =

Z 2ı

0

p(x + ‹ cos „; y + ‹ sin „; tk−1)f („) d„; f („) =
1

2ı
:

I Combining and expanding in Taylor series:

−1 = D

„
@2T

@x2
+
@2T

@y 2

«
+ higher order terms

I Diffusivity:

D =
‹2

4fi

https://elliotcarr.github.io/


Continuum Model
Boundary value problem
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I Poisson equation for the mean exit time T (r; „):

D∇2T = −1

I Reflecting inner boundary:

∇T (r; „) · n(„) = 0 on r = R1(„)

I Absorbing outer boundary:

T (r; „) = 0 on r = R2(„)

R1(„) < r < R2(„)

Exact solution for an annulus (R1(„) = R1, R2(„) = R2) is trivial. Can we develop
an (approximate) analytical solution for the case where the irregular domain is given
by a small perturbation of an annulus?

https://elliotcarr.github.io/


Perturbation Solution
Perturbed Annulus

Dr Elliot Carr Part 2: Mean Exit Time 21/28

I Poisson equation for mean exit time:

D∇2T = −1

I Assume perturbation solution:

T (r; „) =
∞X
k=0

"kTk(r; „)

I Substitute and match powers of ".

R1(„) = R1(1 + "g1(„))
R2(„) = R2(1 + "g2(„))

I Leading order term (k = 0):

D∇2T0 = −1

I Higher order terms (k = 1; 2; : : : ; N):

∇2Tk = 0

https://elliotcarr.github.io/


Perturbation Solution
Absorbing outer boundary
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I Absorbing outer boundary:

T (r; „) = 0 on r = R2(„):

I Expand in Taylor series:

∞X
i=0

("R2g2(„))
i

i !

@ iT

@r i
(R2; „) = 0

I Introduce perturbation expansion:

∞X
i=0

∞X
k=1

"i+k(R2g2(„))
i

i !

@ iTk
@r i

(R2; „) = 0

R2(„) = R2(1 + "g2(„))

I Match powers of ":

Tk(R2; „) = bk(„)

where bk(„) depends on partial derivatives of T0; : : : ; Tk−1 with respect to r .

https://elliotcarr.github.io/


Perturbation Solution
Reflecting inner boundary
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I Reflecting inner boundary:

∇T (r; „) · n(„) = 0 on r = R1(„):

I Normal vector:

n(„) = −R1(„)er +R′
1(„)e„

I Reflecting inner boundary:

−[R1(„)]
2 @T

@r
(r; „) +R′

1(„)
@T

@„
(r; „) = 0:

R1(„) = R1(1 + "g1(„))

I Expand in Taylor series, introduce expansion and match powers of "

@Tk
@r

(R1; „) = ak(„)

where ak(„) depends on partial and mixed derivatives of T0; : : : ; Tk−1 with respect
to r and „.

https://elliotcarr.github.io/


Perturbation Solution
Boundary value problems
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I Leading order term (k = 0):

D

r

d

dr

„
r
dT0
dr

«
= −1; R1 < r < R2;

dT0
dr

(R1) = 0; T0(R2) = 0:

T0(r) =
R2

2 − r 2

4D
+
R2

1

2D
log(r=R2)

I Higher order terms (k = 1; 2; : : :):

Unperturbed domain
(R1 < r < R2)

∇2Tk = 0; R1 < r < R2;

@Tk
@r

(R1; „) = ak(„); Tk(R2; „) = bk(„):

Tk(r; „) can be found using separation of variables.

https://elliotcarr.github.io/


Results
Reflecting inner boundary and absorbing outer boundary
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Stochastic Perturbation

Stochastic: T (r; „) =
1

N

NX
i=1

ti (r; „) (N = 50)

Perturbation: T (r; „) = T0(r) + "T1(r; „) + "2T2(r; „)

g1(„) = sin(3„) + cos(5„)

g2(„) = cos(3„); " = 0:05

https://elliotcarr.github.io/


Results
Absorbing inner and outer boundaries
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Stochastic Perturbation

Stochastic: T (r; „) =
1

N

NX
i=1

ti (r; „) (N = 50)

Perturbation: T (r; „) = T0(r) + "T1(r; „) + "2T2(r; „)

g1(„) = sin(3„) + cos(5„)

g2(„) = cos(3„); " = 0:05

https://elliotcarr.github.io/
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Mean exit time in irregularly-shaped
annular and composite disc domains
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Abstract
Calculating the mean exit time (MET) for models of diffusion is a classical
problem in statistical physics, with various applications in biophysics, eco-
nomics and heat and mass transfer. While many exact results for MET are
known for diffusion in simple geometries involving homogeneous materials,
calculating MET for diffusion in realistic geometries involving heterogeneous
materials is typically limited to repeated stochastic simulations or numerical
solutions of the associated boundary value problem (BVP). In this work we
derive exact solutions for the MET in irregular annular domains, including
some applications where diffusion occurs in heterogenous media. These solu-
tions are obtained by taking the exact results for MET in an annulus, and then
constructing various perturbation solutions to account for the irregular geome-
tries involved. These solutions, with a range of boundary conditions, are imple-
mented symbolically and compare very well with averaged data from repeated
stochastic simulations and with numerical solutions of the associated BVP.
Software to implement the exact solutions is available on GitHub.

Keywords: random walk, hitting time, passage time, perturbation

(Some figures may appear in colour only in the online journal)

1. Introduction

A fundamental property of diffusive transport phenomena is the concept of mean exit time
(MET), which is an application of the more general concept of the first passage time [1–3].
Estimates of MET provide insight into the timescale required for a diffusing particle to reach
a certain target, such as an absorbing boundary. From a macroscopic point of view, the MET

∗Author to whom any correspondence should be addressed.

1751-8121/22/105002+21$33.00 © 2022 IOP Publishing Ltd Printed in the UK 1

Article: Journal of Physics A: Mathematical and Theoretical.
Preprint: arxiv.org/abs/2108.03816.
MATLAB Code: github.com/ProfMJSimpson/Exit time.

https://elliotcarr.github.io/
https://doi.org/10.1088/1751-8121/ac4a1d
https://arxiv.org/abs/2108.03816
https://github.com/ProfMJSimpson/Exit_time
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I Approximate analytical solutions for the mean exit time on an irregular annulus.

I Solutions are valid in the continuum limit (small values of ‹ and fi).

I Solutions are valid for domains given by a small perturbation of a perfect annulus.

I Perturbation solutions have also been developed for other related problems.

Simpson et al (2021), New Journal of Physics
Carr et al (2022), Journal of Physics A: Mathematical and Theoretical

https://elliotcarr.github.io/
https://doi.org/10.1088/1367-2630/abe60d
https://doi.org/10.1088/1751-8121/ac4a1d
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