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Advection-diffusion-reaction in layered media

Problem description

Inlet Outlet
ci(x, t) ca(x, £) }4\% cm-1(x, £) cm(x,t)
0 X fl fz €m—2 fmfl L
—— Layer1 ———— Layer2 —— — Layerm — 1 ——— Layer m —
Oc 0 Oc
R(x)— = — | D(x)— — v(x)c | — u(x)c X).
(05 = 5 (DO 52 = vx)e) = wlx)e +7(0)
R1, D1, vi, p1, 71, 0<x <4,
R2, D2, v2, 2,72, b < x <4y,

R(x), D(x), v(x), w(x), v(x) =

Rm, Dm, Vm, m, Ym, em,1 <x<L.

Layered media arise in natural environments such as stratified soils and manufactured
environments such as composite landfill liners.
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Advection-diffusion-reaction in layered media

Governing equations

Inlet Outlet
c1(x, ) ax, £) }4\% Cm-1(X, £) em(x, 1)
0 x o 4] [ [ L
—— Layer 1 ———— Layer 2 —— — Layer m — 1 ——— Layer m —

Governing equations (Guerrero et al., 2013; van Genuchten and Alves, 1982):

oci 8%¢; 0
i?j:DiaXZ_ Iaiq_l‘l'lcl—i—’YI! i=1,...,m,
ci(x,0) = fi,

oc;

ci(tit) = cina(ti 1), 6;D; (&, t) = 9,+1D,+1 H (i t),
where v;0; = vj;11011.

General boundary conditions:

8 8
a0c1(0, ) — bo (0, t) = go(t),  acm(L,t) + by (L, t) = gy (t).
ox Ox
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Advection-diffusion-reaction in layered media [&U)}

Analytical solution via eigenfunction expansion

Classical eigenfunction expansion solution:
oo

cilx t) = Z anTn(t: An)Xn(x; An).
n=1
Eigenvalues (An, n € NT) identified by substituting eigenfunctions into the boundary
and interface conditions and enforcing a non-trivial solution.

Yields a nonlinear transcendental equation for the eigenvalues:
f(A) =0,
where  f(X) := det(A())), A € R2mx2m

For many layers (large m) evaluating f(X) is numerically unstable.
Solutions tend to breakdown for m > 10 layers (Carr and Turner, 2016).

Previous solutions given by Liu et al. (1998) (advection-diffusion only) and Guerrero
et al. (2013) (advection-diffusion-decay only) restricted to a moderate number of layers
and specific boundary conditions.
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Advection-diffusion-reaction in layered media

Analytical solution via Laplace transform

Idea: reformulate the model into m isolated single layer problems (Carr and Turner,
2016; Rodrigo and Worthy, 2016; Zimmerman et al., 2016).

Introduce unknown functions of time, g;(t) (i = 1,..., m — 1), at the layer interfaces
(Carr and Turner, 2016; Rodrigo and Worthy, 2016):
Oc;
g,-(t') = 9,‘D,’7’(€;, t).
Ox

Yields isolated single layer problems e.g. in the first layer:

dcy 8%c; dcy
REE —p, 22, 9D ,
15 12~ 1 M1 TL Inlet
a(x,0) = fi, ci(x, ) o(x, 1) }—«ﬁ
Ocy

apc1(0, t) — bo—(0, t) = go(t), 0 X 0 t
Ox

8 —— Layer 1 ————— Layer2 ——
c.
91D171(21, t) = gl(t).

Ox

Each problem coupled together by imposing continuity of concentration at the inter-
faces.
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Advection-diffusion-reaction in layered media

Analytical solution via Laplace transform

Solve and express the solution in terms of the unknown interface functions.

Taking Laplace transforms yields boundary value problems e.g. in the first layer:
d?C; d¢y 1

Di— —vi— — (p1 + Ris)C1 = —Rif — 1,

dx dx s

a0C1(0, s) — bodd%(o,s) = Go(s),

dc
01D1—2 (81, 5) = Gi(s),
dx

where Cj(x,s) = L{ci(x, t)} denotes the Laplace transform of ¢;(x, t) with transfor-
mation variable s € C and G;(s) = L{gj(t)} fori=1,..., m—1.

Laplace transforms of the boundary functions:

Go(s) = L{go(t)},
Gi(s) = L{gL(t)},

are assumed to be able to be found analytically.
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Advection-diffusion-reaction in layered media

Analytical solution via Laplace transform

Boundary value problems: second-order constant-coefficient differential equations.

Solving using standard techniques in the Laplace domain:
Ci(x, s) = Ai(x, s)Go(s) + Bi(x,s)Gi(s) + Pi(x, s),
Ci(x,s) = Ai(x,5)Gi—1(s) + Bi(x,s)Gi(s) + Pi(x,s), i=2,...,m—1,
Cm(x,5) = Am(x,5)Gm=1(s) + Bm(x,s)GL(s) + Pm(x,s),

where the functions P;, A; and B; (i =1, ..., m) are known functions.
To determine Gi(s),...,Gm—1(s), the Laplace transformations of the unknown inter-
face functions gi(t), ..., gm—1(t), enforce

Ci(4i,s) =Cit1livs), i=1,...,m—1.
Yields a tridiagonal system of linear equations:
Ax = b,
where x = (Gi(s), ..., Gm_1(s))".

Summary: Concentration can be evaluated at any x and s in the Laplace domain.
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Analytical solution via Laplace transform

Inversion of the Laplace transform is carried out numerically.
Hence, our solution method is semi-analytical.

Trefethen et al. (2006) defines the following numerical approximation:

ci(x,t) = L7H{Ci(x,s)} = —i%{ Z wi Ci (x,sk)},

kEON

where s, = zx/t, Op is the set of positive integers less than N and wy, zx € C are the
residues and poles of the best (N, N) rational approximation to e on the negative real
line.

Summary: Concentration can be evaluated at any x and t in the time domain.

Attractiveness is that the solution is completely explicit. Unlike eigenfunction expansion
solutions that require a nonlinear algebraic equation to be solved for the eigenvalues:

F(A) =0,
where  f()) := det(A())), A ¢ R2mx2m,
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Test Case 1: Homogeneous medium

R )
BCs:  wic(0,t) — D12t(0,8) = vico,  —2(20,t) = 0.
Ox Ox

Benchmarked against single-layer analytical solutions (van Genuchten and Alves, 1982).
Absolute errors

t=10"3 t=0.1 t=0.2 t=0.4 t=0.6 t=4
411 x1071* 553 x10710 869x1079 124x10° 5.84x10~% 6.10x 1010
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Advection-diffusion-reaction in layered media

Test Case 2: Heterogeneous medium

QUT

17‘ t t
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| |
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BCs:  wic(0,t) — D12t(0,8) = vico,  —2(30,¢t) = 0.
Ox Ox

Agrees with solutions tabulated by Liu et al. (1998) and Guerrero et al. (2013)
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Multispecies problems in multilayer media QUT

Coupled reacting contaminants

Inlet
z=0 .
Reaction networ
der, P, dorj | —
Ry Bt] =D E,)IQJ — v 611 +k2::]#]‘lcl:1,k + 71,5
b
dea,j ey dezj |
Rpj—pid = Dp—p il — vy =2 +l§1#],k52,k 2
Ly
des s dezj | o
R. 2 — D, i,
39 5 " e *,;“7*"%”“”
éii
dea, ey deay | <
J _ p, J 2 .
Ra =5 4 agr T g +’§l‘],kc4,k + 74,5
ly
9cs,5 Qs sy, 5
Roj—gyt = Ds—5 5 —vs > +kz=:1uj'kcs’k + 5,5
v=1L Outlet
Oc; c; Oc;
1 1 1 T
Ri— = D; — Vi— + Mgc; +1;, ci=(ci1,.-- Cin) -

at ' oax? Ox

Coupled multispecies equations can be decoupled using the eigenvalue decomposition of
M (Clement, 2001) yielding standard decoupled multi-layer problems for each species.
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