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Mathematical problem

I How long does a diffusion process take?

∂u

∂t
=

∂

∂x

(
D(x)

∂u

∂x

)
, 0 < x < L.

I Finite transition time:

u(x, ts)− u∞(x)

u0(x)− u∞(x)
= δ
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Mean action time (MAT) approach

I Transition can be represented as a CDF:

F (t;x) := 1− u(x, t)− u∞(x)

u0(x)− u∞(x)

I Equivalently, finite transition time satis-
fies:

F (ts;x) = 1− δ

0
0

1

ts t

y

y = F (t;x)

I Mean action time: common measure of the time required to reach steady state1

MAT(x) :=M1(x) =

∫ ∞
0

tf(t;x) dt; f(t;x) =
∂F

∂t
(t;x).

1McNabb and Wake (1991); Landman and McGuinness (2000); Simpson et al. (2013)
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Mean action time (MAT) approach

0
0

1

t = tm

t = tms

x 1

u
(x
,
t)

0
0

1

F (ts;L) = 1− δ

tm tms ts t

y

y = F (t;L)

tm := MAT(L) =M1(L)

tms := (MAT+
√
VAT)(L) =M1(L) +

√
M2(L)−M2

1 (L)
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Computing the moments

I kth raw moment

Mk(x) =

∫ ∞
0

tkf(t;x) dt,

f(t;x) =
1

u∞(x)− u0(x)

∂

∂t
[u(x, t)− u∞(x)] .

I Boundary value problem for scaled moment Mk(x) =Mk(x)(u∞(x)−u0(x))
2:

d

dx

(
D(x)

dMk

dx

)
= −kMk−1(x), 0 < x < L,

Mk(0) = 0,
dMk

dx
(L) = 0.

I Recursively solve boundary value problems. Starting with k = 1 and given
M0(x) = u∞(x)− u0(x). Repeat until a desired order.

2Carr (2017)
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Calculating the transition time

I Transient solution has functional form:

u(x, t) = u∞(x) +
N∑
n=1

cne
−tβn

I Follows that:

F (t;x) = 1− u(x, t)− u∞(x)

u0(x)− u∞(x)

= 1−
N∑
n=1

αne
−tβn

' 1− α1e
−tβ1 , for large t

0
0

1

F (ts;x) = 1− δ

ts t

y

y = F (t;x)

I Asymptotic estimate of finite transition time:

1− α1e
−tsβ1 ' 1− δ ⇒ ts '

1

β1
log
(α1

δ

)
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Calculating the transition time

I Asymptotic relation:

Mk(x) ' k!
α1

βk1
for large k.

I Matching moments:

(k − 1)!
α1

βk−1
1

'Mk−1(x)

k!
α1

βk1
'Mk(x)

⇒
α1 '

Mk(x)

k!

(
kMk−1(x)

Mk(x)

)k
β1 '

kMk−1(x)

Mk(x)

I Finite transition time estimate:

ts '
Mk(x)

kMk−1(x)
log

[
Mk(x)

k! δ

(
kMk−1(x)

Mk(x)

)k]

I No need for transient solution u(x, t)!
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Application to groundwater flow
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Figure 1: Simpson et al. (2013)

S
∂h

∂t
=

∂

∂x

(
K(x)h

∂h

∂x

)
+R(x), 0 < x < L, t > 0,

h(x, 0) = h0(x), h(0, t) = h1,
∂h

∂x
(L, t) = 0,

h(x, t): saturated thickness
K(x): saturated hydraulic conductivity
R(x): recharge rate
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Laboratory-scale aquifer model

Figure 2: Simpson et al. (2013)
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Results: Comparison to data
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Figure 3: Carr and Simpson (2018)

Dr Elliot Carr R elliot.carr@qut.edu.au 7 @ElliotJCarr � https://elliotcarr.github.io/ 10/13

mailto:elliot.carr@qut.edu.au
https://twitter.com/ElliotJCarr
https://elliotcarr.github.io/


How many moments are required?

ts δs |δs − δ|
MAT(L) 9.6751 0.37 3.6e-01

(MAT+
√
VAT)(L) 19.1152 0.14 1.3e-01

k = 1 44.5556 0.01 9.3e-04
k = 2 43.7157 0.01 8.5e-05
k = 3 43.6410 0.01 6.0e-06
k = 4 43.6356 0.01 2.3e-07
k = 5 43.6353 0.01 2.4e-08
k = 6 43.6354 0.01 8.3e-09
k = 7 43.6354 0.01 1.5e-09
k = 8 43.6354 0.01 2.4e-10
k = 9 43.6354 0.01 3.4e-11
k = 10 43.6354 0.01 4.7e-12

Table 1: Carr and Simpson (2018)

δr =
h(L, ts)− h∞(L)

h0(L)− h∞(L)
; ts '

Mk(x)

kMk−1(x)
log

[
Mk(x)

k! δ

(
kMk−1(x)

Mk(x)

)k]
.
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Journal papers
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Conclusions and Summary

I Extended the mean action time concept

I New method for calculating highly accurate finite transition times using higher-
order moments

I New estimate is significantly more accurate than existing estimates

I Requires significantly less computational cost than using the transient solution
with standard time-stepping schemes

I Techniques presented carry over to two and three dimensional problems
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Heterogeneous results
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Figure 4: Carr and Simpson (2018)
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